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Introduction

Commencing with the realm of statistical
thermodynamics, a viable and suitable method
is devised for the analytical representation and
computation of surface tensions (STs). As a result,
a precise formulation for STs in the context of a
planar liquid-vapor interface, accounting for pairwise
interactions among particles, is put forth. This
formulation enables the calculation of STs through
various means, including Monte Carlo or molecular
dynamic simulations, density functional theory, and
iterative procedures based on distribution functions
[1-8].

Nonetheless, the methods mentioned above demand
a substantial computational effort. Subsequently, a
straightforwardtheoreticalmodel, based onperturbation
theory within the realm of statistical thermodynamics,
was developed for the computation of surface tensions
(STs). The intermolecular interaction potential is
broken down into two components: the reference and
perturbative, employing perturbation theory. Here,
the reference model properties are assumed to be
well-known, and the complete system is determined
by appropriately averaging the perturbations to the
reference model. The utilization of perturbation theory
has been verified as an accurate means of calculating
STs. This is primarily attributed to the fact that
fluid structures are predominantly influenced by the
repulsive interaction component, while the attractive

Accepted: February/25/2023

component provides a uniform background potential
for molecular movement [9, 10].

Materials and Methods

The fundamental concept underlying the perturbation
approach within the theory of liquids, which has its
roots in van der Waals’ work, centers on the notion
that the arrangement of particles in a dense fluid is
predominantly influenced by the repulsive segment of
the interaction potential (u0(r), as outlined in the WCA
theory). The attractive component, ul(r), serves as a
uniform background potential within which molecules
move. Consequently, attractive forces are considered
a perturbation within the reference system, where the
primary focus is on the repulsive potential uO(r) [11].
Hence, the ST is determined utilizing a statistical-
mechanical perturbation technique founded on the
decomposition of the interaction potential according
to the Weeks-Chandler-Andersen (WCA) method.
u(r)=u,(r)+u,(r)

u(r)y+e — (r<r,)
_ " 1
win=1{s oo
{—g — (r<r,)
u (r)=
u(r) — (r>r,)

Where, €0 is the depth of potential and rm is its
minimum position:
By applying the perturbation method and considering



the relevant assumptions, the final analytical expression
for surface tension is presented as follows, which is
based on the explicit density:

y =% 'KT Ddrf (Mri+(g, (d*;p,)—l)fdrfo(r)”}
)

* f(r) is defined as Mayer’s function as follows:
S (r)=exp [—ﬂu (’”)]_1 (3)
So(r)=exp [_ﬂuo(r)]_l

* p, (T) density of saturated liquid is determined based
on the proposed relationships fitted with experimental
data presented in past studies [12] or based on
equations of state [13].

* g(d*; pl) is calculated from the formula provided by
Carnahan Starling, which provides accurate results up
to the freezing density range [14]:

N s/ (4)

d” ; —_  —vd
)
In the above expression, ¢, =(n/6)d’ p, is identified as
hard sphere packing fraction, where d is the effective
diameter and p, is the liquid density.
* The effective diameter d is also calculated from the
theory of Barker and Henderson, according to which d
is only a function of temperature and is provided by a
closed analytical form [15].

d = [dr [1—exp(—fu,(r))] )

Lennoard-Jones Model

The Lennard-Jones model is probably the best known

two-parameter intermolecular potential function for

nonpolar molecules.

The general form of the Leonard Jones equation is as

follows:

u(r)= 4{(3)” —(5)6} ©
r r

Where ¢ is the depth of energy well (minimum

potential energy) and ¢ is the collision diameter, i.e.,

the separation where u(r)=0

Finally, the surface tension is calculated using the

Lennard-Jones potential function and perturbation

theory in the following semi-analytical format:

T
r=3 KT
(0)*x (%{T)g r[—ljr(ijﬁ —/i +(g,d”; )—1)]zdrf (nr
12\/; 3 6 é KT 8a 5P ) 0
(7
Square-well Model
The Lennard-Jones potential is not a simple

mathematical function. To simplify calculations, a
crude potential was proposed having the general shape
of the Lennard-Jones function. This crude potential is
obviously an unrealistic simplification because it has
discontinuities, but its mathematical simplicity and
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flexibility make it useful for practical calculations.
The flexibility arises from the square-well potential’s
three adjustable parameters:

The collision diameter ¢ the well depth (minimum
potential energy) ¢, and the reduced well width R.

The square-well potential function is as follows:

0 - r<o
u(ry=q-¢ - oc<r<Ro
0 - r>o

®)
Finally, using the square well potential function and
perturbation theory, the surface tension equation is
calculated fully analytical as follows:

y=Z p KT %[(—H(e%r “DR 1)+ (g, —1)(—1)}

2

(€))
Results and Discussion
The results of manipulating and calculating the
molecular parameters of each component with the
available laboratory data for the Lennard-Jones model
are presented in Table 1 and for the well-square model
in Table 2.

Table 1 manipulated parameters of Lennard-Jones model.

Component o £
Methane 3.6 136
Butane 4.51 296.5
Octane 5.25 399
Argon 3.1 102.2
Carbon dioxide 3.5 223.5

Table 2 Manipulated parameters of the well-square model.

Component o £ R

Methane 3.7724 | 100.4350 | 1.6748
Butane 4.7681 |229.0705 | 1.6498
Octane 5.4808 |304.7871 | 1.6514
Argon 3.3212 | 82.0548 | 1.6317
Carbon dioxide | 3.3551 | 126.6705 | 1.7599

In the following, using the parameters set for each
model, the results of surface tension calculations for
the three hydrocarbon components methane, butane
and octane in Fig. | and for the two non-hydrocarbon
components argon and carbon dioxide in Fig. 2 in
a wide range of the temperature is presented and
compared with the laboratory data.

The results show that the square well model has a
very good match with the laboratory data for all the
considered temperature ranges, but the Lennard Jones
model has a significant deviation from the laboratory
results from medium to high temperatures.
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Fig. 1 Comparison of experimental IFT values of three hydrocarbon components with values calculated by square-well model
and Lennard-Jones model a) methane, b) n-butane and c) n-octane.
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Fig. 2 Comparing the experimental IFT values of two non-hydrocarbon components with the values calculated by the Square-

well model and the Lennard-Jones model a) Carbon dioxide and b) Argon.

Conclusions

Statistical analysis and validation of the Lennard-Jones
model and the square-well model related to medium
to high temperatures for the studied components,
based on the quantitative presentation of errors for the
methane component (representative of hydrocarbon
components), respectively, the error rate is 97.3% and
5.5% % and for carbon dioxide (representative of non-
hydrocarbon components) it shows the error rate of
177% and 5.53%, respectively.
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